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Phase Refinement by a Fourier Transformation of Difference Electron Density Peaks
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A method to refine phases by a numerical Fourier transformation of difference electron density peaks is
described. It was tested with an artificial two-dimensional structure of NaNO,. Starting from the phases of a
spherical-free-atom model, those of the hypothetical true structure of aspherical atoms were reproduced
fairly well after five cycles. The scale factor of the structure factors was also improved by the refinement.

Introduction

In a non-centrosymmetric structure, the phases of
X-ray structure factors estimated on the basis of a
spherical-free-atom model may be appreciably in
error. Since these phase errors have a pronounced
effect on the difference density, a quantitative analysis
of the electron distribution is impossible unless the
phases are further refined (Maslen, 1968; Coppens,
1974). In the present paper, we propose a method for
such refinement. The phases are refined by a Fourier
transformation of difference electron density peaks in
this method (the FDP method).

The FDP method

Principle of the method
The principle of the FDP method can be expressed as

F,=F .+ # ~'{4¢(peaks)}, (1)

where F. and F, are the calculated X-ray structure
factors before and after phase refinement respectively,
Ap is the difference electron density, and & ~! denotes
the inverse Fourier transformation:

F Yo} = VJJJ‘AQ(x,y,z)

x exp [2zithx + ky+1z)]dxdydz, (2)

where V is the unit-cell volume, and the integration
extends over the unit cell. Although the difference
peaks are usually underestimates of the true peaksin a
non-centrosymmetric structure (Coppens, 1974), if
we pick up only meaningful peaks, dg(peaks), and
transform them, the refined F, will be a better approx-
imation to the true structure factor than the starting
F..
As is evident from (1) the FDP method is analogous
to the Fourier phase refinement ordinarily used for
structure analysis (Hoppe, Gassmann & Zechmeister,
1970). However, in the FDP method we deal with the

difference electron density instead of the electron
density; the former is almost free from the series-
termination effect and is more suitable for a fine phase
refinement than the latter.

Computational procedure

The FDP method is an iterative Fourier transforma-
tion method. The ith cycle consists of the following
three steps.

(1) Estimate the scale factor of the observed structure
factor F,, since it is usually unknown. In the test cal-
culations, a simple scaling with reference to F, of the
previous cycle was employed:

k=D =3 FEDY Fo, (3)

where F© in the first cycle is the starting structure
factor based on a free-atom model.

(2) Calculate the difference electron density with F,
phased by F. (with the phase angle «,) of the previous
cycle:

AQ“'”:?{FE,'._”—F?’}, (4)
where ) ) o
FUi~D=F k Dexp [iaf V], (35)

and &% denotes the ordinary Fourier synthesis. The
first 40 is the difference density before phase refine-
ment.

(3) Refine F, by a numerical inverse Fourier trans-
formation of difference peaks:

ng) _ F((:O) + F~ 1 {Ag(i- 1)(peaks)} . (6)

We continue iteration cycles until the ordinary R and
the changes in phase angles converge to minimum
values.

Selection of peaks

Selection of difference electron density peaks in step
3 is most important in the present method. Since we
deal with the difference density, the non-negativity
criterion of electron density cannot easily be applied.
However, if we confine our interests to the charge
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deformation around atoms, the following two criteria
for the selection of difference peaks are probably
useful: (a) the difference density within spheres of radii
max (OT ellipsoids) centred on nuclear positions,

Ag(peaks)=40(r < rmax),

and/or (b) the difference density above a certain noise
level,

|A Q(peaks)l > |AQ|noisc .

Application to a model structure

The FDP method was tested with a two-dimensional
model structure, an g-axis projection of NaNO, (Fig. 1).
The hypothetical ‘true’ structure of aspherical atoms
was defined as follows: the positional and thermal
parameters were those determined by Kay & Frazer
(1961) by neutron diffraction (Table 2); the N and O
atoms were aspherical atoms with the sp? scattering
factors of Dawson (1964), whereas the Na atom was a
spherical atom. The ‘observed’ X-ray structure am-
plitudes F, of the 32 Ok reflexions (sin /4 <0-78) were
assumed to be free from errors except that the scale
factor was unknown; i.e. F, was assumed to be propor-
tional to the ‘true’ structure amplitude F,.

(a=3.560 &)
¢ 5.384

Fig. 1. Structure of NaNO, in space group Im2m, [100] projection,

Refinement with the neutron atomic parameters

The starting structure factors F? of a free-atom
model were calculated with the neutron atomic param-
eters and spherical atomic scattering factors for all the
three atoms. A ‘true’ X — N map of the model struc-
ture, synthesized with the coefficients F,—F©, is
shown in Fig. 2(a). A control calculation which in-
cluded the 98 reflexions (sin 8/4 < 1-41) in the synthesis
showed that the series-termination effect was negligible
in the map. As expected, one and two positive deforma-
tion peaks of the lone-pair electrons are seen around
the N and O atoms respectively (the O and O’ atoms
are related by a screw diad along the b axis).

The X—N map before phase refinement A40'®,
synthesized with the coefficients F{®' — F© is shown in
Fig. 2(b). We note that the distribution of the residual
peaks is significantly deformed from that of the ‘true’
map, and that the peak heights are systematically
reduced. According to criterion (g), the difference
densities within the circles of radius 1-0 A from the N
and O nuclear positions, indicated by chain lines in
Fig. 2(b), were selected as the peaks to be transformed.
The Fourier transformation in (6) was performed
numerically by dividing the asymmetric unit shown in
Fig. 2 into 100 x 100 gridpoints. The X — N map after

Table 1. FDP refinement of the NaNO, model structure
with the neutron atomic parameters

Cycle R [dola®  R(40)t Aol |4al,, Scale
0 0-053 - 0-55 39° 36° 1017
1 0-016 1-3° 043 35 3-0 1012
2 0010 07 0-38 31 26 1-010
3 0008 04 034 26 23 1-009
4 0007 03 0-31 24 22 1-008
5 0006 02 029 23 2:0 1-007
6 0-006 02 027 21 19 1-006
7 0006 02 025 20 18 1-005
8 0-006 02 023 19 17 1-005
9 0-006 01 022 18 16 1-004

10 0006 01 020 18 15 1-004

* Jdalae =]l — ol V..
¥ R(dg)=ZAF/AF,

brz o'

(a) (b)

(0) ()

Fig. 2. X—N maps of the model structure of NaNO,. The contours are at intervals of 0-1 ¢ A~ 2. Negative contours are dotted and zero con-
tours are omitted. (a) The ‘true’ map, 4¢g,(X — N). (b) Before phase refinement, 49”’(X — N). The chain lines indicate the regions selected for
the Fourier transformation. (c) After five, 40*(X — N), and (d) after ten cycles of phase refinement, 499X — N).
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five cycles (Fig. 2¢) reproduced the ‘true’ map fairly
well; the map after ten cycles (Fig. 2d) was almost
indistinguishable from the ‘true’ one.

The convergence and quantitative evaluations of the
refinement are summarized in Table 1. The ordinary R
value converged from the starting 0-053 to 0-006 after
five cycles. The convergence of the average phase
change |4a.|,, was relatively slow.

The next three columns in Table 1 show the reduc-
tion of phase errors; the relevant error quantities are
defined in Fig. 3. These errors cannot of course be
evaluated unless the true structure is known. The
R(4p) factor is an average ratio of the error informa-
tion, AF,, to the true information, AF,, in the difference
map; it reduced to approximately one-half and one-
third after five and ten cycles respectively. The phase
errors in AF, and F, also reduced to less than one-half
after ten cycles. It should be noted that the former are
more than ten times the latter.

The scale factor in the last column should be com-
pared with the true scale of unity. The original 1-7%
error reduced to less than one fourth after ten cycles;
not only the phase but also the scale has been improved
by the refinement.

Refinement with the ‘X-ray’ atomic parameters
As the next example, the FDP method was applied

AFe(ll
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Fig. 3. Definitions of various errors after the ith cycle of phase
refinement.

to a case where the neutron atomic parameters were
not available. The ‘X-ray’ atomic parameters of the
model NaNO, structure were obtained from a spher-
ical least-squares refinement of the true structure using
the same set of F, as was used in the preceding example.
The shifts of the atomic parameters from the neutron
values are shown in Table 2; the atomic parameters
of the Na atom were not varied in the refinement. The
positions of the N and O atoms shifted toward the
lone-pair directions, and the thermal parameters of the
N atom changed significantly.

Table 2. Shifts of atomic parameters in a least-squares

refinement
Neutron
(Kay &
Frazer,
1961) Shift
Na y 0-5853
B,, 1-29 Fixed
B, 1-10
N y 0-1200 +0-0032 (0018 A)
B,, 1-03 +0-48
B, 1-23 —045
(0] y 0-0000 —0-0034 '
z 01941 100034 J ©0264)
B,, 2:01 +0-05
B, 1-00 —-005
B;, 010 +0-17

The starting structure factors F(? (X-ray) of a free-
atom model were calculated with the “X-ray’ atomic
parameters. Fig. 4(a) is a ‘true’ X-ray difference elec-
tron density map, synthesized with the coefficients
F,—F© (X-ray). Although the map is qualitatively
similar to the ‘true’ X—N map (Fig. 2a), the residual
peaks are significantly deformed from the ‘true’ ones;
it illustrates the limitations of an X-ray difference map
in the analysis of the lone-pair deformation. The
ordinary X-ray difference map before phase refinement
is shown in Fig. 4(b). All the lone-pair peaks reduced
almost to the noise level; even a qualitative analysis is
hardly possible.

The FDP refinement was performed in a similar
way as in the preceding example. The difference map

(a)

(c)

Fig. 4. X-ray difference maps of the model structure of NaNO,. The scale is the same as in Fig. 2. (a) The ‘true’ map, 4g, (X-ray). (b) Before
phase refinement, 40 (X-ray). (c) After ten cycles of phase refinement, 49'? (X-ray).
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after ten cycles of refinement is shown in Fig. 4(c).
Again, the map reproduced fairly well the ‘true’ X-ray
difference map (Fig. 4a). The results of the refinement
are summarized in Table 3. The average phase error
|4a),, reduced from the original 4-2 to 2:1° after ten
cycles. However, the various errors after ten cycles are
larger than those of the previous X —N refinement
(Table 1).

Table 3. FDP refinement of the NaNO, model structure
with the X-ray atomic parameters

Cycle R [doclay  R(4Q) 140l Aol Scale
0 0-029 - 0-79 55° 4:2° 1-017
1 0-012 0-8° 0-68 44 37 1014
2 0-010 05 063 39 34 1013
3 0-009 04 0-59 36 31 1-012
4 0-008 03 0-56 34 2:8 1:012
5 0-007 02 0-54 33 2:6 1-011
6 0-007 02 0-52 32 2:5 1-011
7 0-007 02 0-50 31 2:4 1-011
8 0-006 01 049 30 2:3 1-010
9 0-006 01 0-48 29 2:2 1-010

10 0-006 01 0-47 28 2-1 1-010
Discussion

The present Fourier method may be compared with
aspherical least-squares methods based on more
flexible models than a free-atom model (Hirshfeld,
1971; Jones, Pautler & Coppens, 1972; Stewart, 1973).
The FDP method has the advantage that it is free from
an assumption of the analytical expression for charge
deformation. Therefore, it will be useful for a structure
in which the nature of the charge deformation is hard
to predict, and also for a preliminary refinement to look
for an appropriate analytical expression. On the other
hand, the FDP method does not refine the atomic
parameters; accurate atomic parameters must be
known beforehand in order to obtain a reliable dif-
ference map.

In order to see the effect of errors in F, on the
performance of the method, the first example was
repeated with F, data in which random errors of 1-0%
were introduced. The refinement proceeded almost as
well as in the first example; the average phase error
after ten cycles (1-7°) was only a little higher than that
(1-5°) attained in the first example. Thus, in this case
the FDP method was found to be sufficiently resistant
to errors in F,, if they are random.

The FDP method depends much on appropriate
selection of the difference peaks. In this respect an
extreme case without peak selection may be worth
mentioning. If we transform the difference density of
the whole unit cell, relation (1) gives, from a funda-
mental theorem of the Fourier transform, a trivial
result:

F.=F,+ # ' #{F,—F.} =F,. ™

That is, the phase is not refined at all, although R
reduces to zero. We note, therefore, that elimination
of ghost peaks is as important as selection of meaning-
ful peaks.

The above case shows also that a zero R value or a
featureless difference map* after refinement is no
guarantee that the phase is correct. It should be noted
that the situation is also more or less the same in
methods with flexible models. Unless the flexibility is
confined toward the true asphericity of the electron
distribution around the atoms, reduction of R after
least-squares refinement may be deceptive. In fact, by
refining the ‘X-ray’ atomic parameters in the second
example, R decreased from 0053 to 0-029, and the
corresponding X-ray difference map (Fig. 4b) showed
fewer features than the original X —N map (Fig. 2b);
and yet the average phase error |4al,, increased from
3:6 to 4-2° (Tables 1 and 3).

Computing time may give rise to a problem in the
application of the present method. The computing
time (CPU time) on a FACOM 230-75 computer was
13 scycle ™! for the test examples in which 32 reflexions
were refined with grid intervals of about 0-03 A (100 x
100 gridpoints). Intervals of about 0-06 A gave essenti-
ally the same results with a CPU time of 4 s cycle™ .
Intervals of about 0-1 A still proved useful with a CPU
time of 1 s cycle™ !, but the convergence was somewhat
poorer. Appropriate intervals are, of course, problem
dependent; relation (7) will be useful for checking the
accuracy of the numerical integrations of a given prob-
lem. Combined use of criteria (a) and () for peak selec-
tion reduced the computing time significantly because
a level check was much less time-consuming than a
distance check. The fast Fourier algorithm of Cooley &
Tukey (1965) will also be useful in speeding up the
computation.

The computation was performed on the FACOM
230-75 computer of the Institute of Physical and
Chemical Research. The authors wish to thank Dr
Hitoshi Iwasaki for his valuable advice.

* The difference map in this context is the ordinary difference map
synthesized with the coefficients F{) — F.
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